Set F = F 2 and let K = F 2 k be an extension of degree k. Let
with each i ∈ K and either k = 2m or k = 2m + 1. We consider the quadratic forms Q K ε : K → F given by Q K ε (x) = tr K/F (xRε(x)). These trace forms have appeared in a variety of contexts. They have been used to compute weight enumerators of certain binary codes [1] , [2] , to construct curves with many rational points and the associated trace codes [9] , as part of an authentication scheme [3] , and to construct certain binary sequences in [6] and [5] .
In each of these applications one wants the number of solutions (in K) to Q K ε (x) = 0, denoted by N (Q K ε ). This is easily worked out (see [8] , 6 .26,6.32) in terms of the standard classification of quadratic forms:
where w is the dimension of the radical, v = (k − w)/2 and
Determining the coefficients
We recall the basic result from [4] . 
(4) This is true for i = 1. And
Here the third line uses (2) while the fourth line uses induction and (3).
Proof: Suppose Lemma 1.2 (2) holds. The second equation is true for i = 1. For i > 1, Lemma 1.3 (1) gives :
.
v.
Lastly, from Lemma 1.3 (4)
For the converse, the steps may be reversed. 
, where a, b are the roots of (1) .
Moreover, in this case,
otherwise.
Proof: We need to show that Lemma 1.1 (2) is equivalent to the statement (3) here, given (1) and (2). We first check that Lemma 1.1 implies (3).
by Proposition 1.4.
Next we check that (3) implies Lemma 1.1 (2) . It is enough to show ε i+1 = ε 2 A i + ε 1 B i , by Proposition 1.4. We use induction. The case i = 1 is clear.
by Lemma 1.3 (1) and induction
Lastly, we check the invariants. As a, b are roots of y
Proposition 1.6. Equation (3) of Theorem 1.5 is equivalent to:
where i = 2
where
Proof: Assume first that Theorem 1.5 (3) holds. The formulas for ε 3 and ε 4 can be checked directly. We use induction. Suppose i is odd (the case of i even is similar). Then
We have
Note that there are no terms in common to the two sums. Set
Then we have
Hence we need only check that
We do this by induction on i.
If n r = 3 then n r−1 ≥ 5 and
Now by the Claim
The converse follows from a simple, but tedious, substitution.
Here are the first few ε i : The next two ∆ i are: 
Construction and Examples
Construction: Choose any ε 0 ∈ K and Proof: This is a re-statement of Theorem 1.5. We wish to count the number of such Rε.
). We first check that S = N (q) − 1, where N (q) denotes the number of zeros of q in K. Now [7] which says, for this case,
, in which case dim rad q = 2.
2. q(rad q) = 0 iff k is odd.
If 1 ∈ K * 3
and k = 2m then
The result now follows. 
For a fixed 1 , 2 , three have invariant +1, one has invariant −1 and the rest have invariant 0.
Proof: First note that there are q choices for 0 , q − 1 choices for the non-zero 1 . We Claim that there are S/3 choices for ε 2 (v 1 )(a(v 1 ) + b(v 1 )) . Then
Hence y This shows the number of Rε is q(q − 1)S/3. When k is odd, this is the desired formula, by Lemma 2.2. Now say k = 2m is even. Then |K * 3 | = (q − 1)/3. So, again using Lemma 2.2, the number of Rε is
Lastly, fix ε 1 and ε 2 . The invariant Λ is +1 iff ε 0 = v, by Theorem 1.5. We have previously shown there are three v's giving the same ε 2 , so there are three ε 0 's with Λ(Q K ε ) = +1. Again by Theorem 1.5, Λ(Q
Thus there is only one ε 0 giving an invariant of −1. 
The values are (recall that ε 3 is only defined modulo F 8 ):
We consider the fourth line, ε 1 = α, ε 2 = 1 + α 
Here k = 2m. Note that the top term ε m is always 0 (recall that ε m is taken modulo GF (2 m )).
Maximal Artin-Schreier curves
The Artin-Schreier curve we consider is:
The number of points in K-projective space on Cε is:
where w = dim rad(Q K ε ). The Hasse-Weil bound is:
where 2 = deg Rε. Clearly equality will hold in the Hasse-Weil bound only if k is even. [4] .
The simplest way to find Rε satisfying the conditions of Corollary 3.1 is to apply the Construction of Section 2 to L := F 2 m . Namely, choose ε 1 ∈ L and find v ∈ L such that y There are other examples of Rε that satisfy the conditions of Corollary 3.1.
is the usual formula for ε 3 (that is, in all cases except k = 6) so the formulas of Proposition 1.6 hold. We get ε I ).
[9] also constructs curves that attain the Hasse-Weil bound but they are fibre products of Artin-Schreier curves, rather than the single curves considered here. Taking r = 1 in [9] Proposition 5.2 (ii) does prove the existence of one Artin-Schreier curve attaining the Hasse-Weil bound. In this section, we found many maximal Artin-Schreier curves (Corollary 3.2) and have suggested a method to find all of them.
